Abstract. In this paper, we provide an extension of the Ostrowski's inequality for vector-valued functions for k points via a parameter. We also provide a sharp Ostrowski-Grüss type inequality for vector valued functions for k points. Our results generalize some of the results for the real-valued case in the literature.
Introduction
Throughout this paper, (X, · ) denotes a Banach space over the real numbers. 
For more information on the Bochner integral we refer the reader to [4] and [8] .
In 1938, the Ukranian mathematician Alexander Ostrowski [11] obtained an inequality known in the literature as Ostrowski's inequality to provide a bound for the difference between a realvalued function and its integral mean. This result is stated in the following theorem;
The inequality is sharp in the sense that the constant 1 4 cannot be replaced by a smaller one. This inequality has been studied and extended in several different ways by many authors over the past years. For more information about the Ostrowski inequality and its associates, we refer the reader to [1, 2, 5, 6, 7, 9, 10, 12] . In 2002, Barnett et al [2] extended Theorem 1.3 for vector-valued functions in the following theorem. f (t) < ∞ Then we have the inequality
The purpose of this paper is to extend Theorem 1.4 for k points via a parameter which will be done in Section 2. In Section 3, we provide a sharp Ostrowski-Grüss type inequality for vectorvalued functions by using a sharp Grüss inequality obtained by Barnett et al in [3] . Our results extends some of the results in the literature for real-valued functions to the case of vector-valued functions. In addition, we consider some particular cases as examples.
Ostrowski inequality for vector-valued functions for k points
To prove our main results, we obtained the following generalized Montgomery identity for vector-valued functions. In what follows, we assume that (X, · ) has the Radon-Nikodym property. We first define the following kernel function which was first provided by Xu and Fang [12] ;
we define the kernel function K(, I k ) : [a, b] → R as follows; 
where K(·, I k ) is given in Definition 2.1.
Proof. First, we observe that
By applying Theorem 1.1, we have
It follows that,
That is,
Now, consider the following
Substituting (2.4) in (2.3) gives the identity
This completes the proof.
Corollary 2.1. If we take λ = 0 in Lemma 2.1, we have the identity
where 
where
Proof. We start with the following computation,
By applying the parallelogram law for numbers on the terms in the first sum and rearranging the terms in the second sum, we have
(2.10)
Now from Lemma 2.1 we have
By taking the norm on both sides of (2.11) and applying Theorem 1.2, we obtain
The desired inequality follows by substituting (2.10) in (2.12).
Corollary 2.3. If we take λ = 0 in Theorem 2.1, then we have the inequality
Remark 2.1. If k = 1 in Corollary 2.3, then we obtain Theorem 1.4.
we have the inequality
Proof. The proof follows directly from Theorem 2.1 by taking k = 2, x 0 = α 0 = α 1 = a, x 1 = x and
3. Ostrowski-Grüss type inequality for vector-valued functions for k points
The following lemma is a particular case of Theorem 2 in [3] . 
Proof. By applying Lemma 3.1 to the functions α(t) := K(t, I k ) and g(t) := f (t) we have
But we observe that
From Lemma 2.1, we have
The desired inequality is obtained from (3.3) by using (3.4)-(3.6). 
then we have the inequality
Corollary 3.2. If we take λ = 0 in Theorem 3.1, then we have the inequality 8) where K(·, I k ) is given by (2.6). where K(·, x) is given by (2.8).
Proof. The proof follows directly from Theorem 3.1 by taking k = 2, x 0 = α 0 = α 1 = a, x 1 = x and x 2 = α 2 = α 3 = b.
Conclusion
Two main results have been established. The first result extends a result of Barnet et al in [2] for k points via a parameter λ ∈ [0, 1]. In the second part, a sharp Ostrowski-Güss type inequality for vector valued functions has been provided. Some particular cases have been considered as examples. These results generalizes the results in the literature for vector-valued functions.
